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A new approach to the geometrization of the electron theory is proposed. The particle wave func-
tion is represented by a geometric entity, i.e., Clifford number, with the translation rules possessing
the structure of Dirac equation for any manifold. A solution of this equation is obtained in terms of
geometric treatment. Interference of electrons whose wave functions are represented by geometric
entities is considered. New experiments concerning the geometric nature of electrons are proposed.
PACS numbers: 73.21.Fg, 78.67.De
The problem of how to geometrize the electron the-
ory and include it in the scheme of the general relativ-
ity theory is far from being solved. The expression for
the covariant derivative obtained in [1] from intuitional
consideration, with some interpretational corrections in-
troduced in [2], is the generally accepted formula now.
Cartan [3] has shown, however, that finite-dimensional
representation of a complete linear group of coordinate
transformations does not exist. Moreover, the set of
Dirac spinors preserves the structure of the linear vec-
tor space, but does not preserve the ring structure since
defining the composition operation involves some com-
plications. Thus allowed states are depleted inasmuch
as wave function behavior under the parallel translation
cannot be calculated and appropriately interpreted, and,
besides that, the states of the particle ensemble cannot
be determined.
A way to solve the problem is proposed in our pa-
per. We employ the idea of correspondence between the
spinor matrices and the elements of an exterior algebra
and thus define the space of states in terms of a space
of representations of a space-time Clifford algebra. Then
the particle wave function is represented by a complete
geometric entity - a sum of probable direct forms of an
induced space of the Clifford algebra. This algebra pos-
sesses ring structure [5] since it is a vector space over
the field of real numbers and hence makes an additive
group whose low of elements composition is distributive
rather than commutative with respect to addition. This
ring has ideals which may be obtained by multiplying the
separated element on the right or on the left by ring el-
ements [5]. The ideals resulting from this procedure are
just the Dirac spinors of the standard approach. Thus
the representation of the Clifford algebra by the Clifford
number contains more information on particle properties
than spinor representations. Moreover, having attributed
the wave function with geometrical sense we can obtain
correct translation rules for an arbitrary manifold [7] and
come to some new quantum results associated with the
geometric nature of the wave function. Among these re-
sults we indicate the observation that Dirac eqiuation in
the geometric representation is nothing but the transla-
tion equation in the general relativity sense, hence its
solutions may be interpreted geometrically. Moreover,
the geometric representation of the wave function yields
other results concerning the interference of elementary
particles which just may reveal the geometric nature of
the wave function [8]. We can also predict a new effect,
i.e., time delay of elementary-particle tunneling through
a potential barrier which can be explained only in terms
of the approach proposed [9].
We can introduce, at each point of the manifold, an
arbitrary basis that corresponds to the vector basis, and
construct an induced space of all possible products of ba-
sis vectors. Making use of Clifford algebra for the com-
position of individual vectors with simultaneously exist-
ing both inner and outer products, we can set, at each
point of the manifold, a unique complete geometric char-
acteristic - the direct sum of all possible products for the
elements of the induced space. The direct sum of such
tensor representations can be attributed with the Clifford
algebra structure by means of the direct product [5]. The
final dimensionality of the algebra is determined by the
number of basis vectors, provides the ring structure and is
responsible for the existence of an exact matrix represen-
tation. Moreover, the space of functionals is isomorphic
to this very linear space, and the algebra of outer prod-
ucts is isomorphic to the algebra of the outer product of
these very vectors.
The existence of a unique set of linear independent
forms defined at an arbitrary point of the space suggests
that the nature of the forms translated over the manifold
is similar to the nature of forms which characterize it [7].
This may be also determined by the similar form of the
geometric entities as functions of elements of the induced
space. Suppose first we have a basis determined by Dirac
matrices γµ. Making use of this basis, we consider the
realization of the wave function in the ordinary Euclidean
space. In this case the wave function may be written in
terms of a direct sum of a scalar, a vector, a bivector, a
trivector, and a pseudoscalar, ψ = ψs⊕ψv⊕ψb⊕ψt⊕ψp,
that is given by
ψ = ψ0⊕ψµγ
µ⊕ψµνγ
µγν⊕ψµνλγ
µγνγλ⊕ψµνλργ
µγνγλγρ
(1)
With the reverse order of composition, we have ψ˜ = ψs⊕
ψv⊖ψb⊖ψt⊕ψp and having changed the direction of each
basis vector, we obtain ψ = ψs ⊖ ψv ⊕ ψb ⊖ ψt ⊕ ψp. For
each even number ψ = ψ for ψψ˜ 6= 0, the wave function
2may be reduced to the canonical form [5], i.e.,
ψ = {ρ(x) exp(iβ)}
1
2 R (2)
where RR˜ = 1 describes all the coordinate transforma-
tions associated with the translation and rotation of coor-
dinates and with the Lorentz transformation in the Eu-
clidean space. This Clifford number can be expressed
in terms of an exponential function of the biquaternion
B = q+ iq′, where q and q′ are quaternions, each of these
representing a sum of a scalar and a dual vector. The
physical interpretation of this geometric entity is rather
evident since ρ(x) can be associated with the probabil-
ity density of finding a particle in an arbitrary spatial
point, and β is the angle that determines the eigenstate
of a particle with positive or negative energy. We have
β = 0 for an electron and β = pi for a positron. Thus
it becomes possible to describe the intermediate states
of the particle since the form of the wave function of an
arbitrary ensemble of particles is analogous.
An arbitrary deformation of the coordinate system
can be set in terms of basis deformations eµ = γµR,
where R is the Clifford number that describes arbitrary
changes of the basis (including arbitrary displacements
and rotations) which do not violate its normalization,
i.e., provided R˜R = 1. It is not difficult to verify that
e2µ = γµR˜γµR = γ
2
µR˜R = I and this does not violate
the normalization of the basis [5]. Now, for an arbitrary
basis, we can set, at each point of the space, a unique
complete linearly independent form as a geometric entity
that characterizes this point of the manifold. For a four-
dimensional space, such geometric entity may be given
by
ψ = ψ0⊕ψµe
µ⊕ψµνe
µeν⊕ψµνλe
µeνeλ⊕ψµνλρe
µeνeλeρ
(3)
If this point of the manifold is occupied by an elemen-
tary particle, then its geometric characteristics may be
described by the coefficients of this representation. A
product of arbitrary forms of this type is given by a sim-
ilar form with new coefficients, thus providing the ring
structure. The operation of form product may be written
as
ψϕ = ψ · ϕ+ ψ ∧ ϕ (4)
where ψ · ϕ is an inner product or convolution that de-
creases the number of basis vectors and ψ ∧ ϕ is outside
product that increase number of basis vectors.
In order to determine the operation of form translation
over an arbitrary manifold we have to define the deriva-
tive operation. It may written as a linear form d = eµ
∂
∂xµ
∂
∂xµ
that forms a basis of the vector space of all changes
along the curves passing through a given individual point
of the space. The action of such an operator on an arbi-
trary form may be presented as
dψ = d · ψ + d ∧ ψ (5)
where d ·ψ and d∧ψ may be called the ”divergence” and
the ”curl” of the relevant form.
The mapping of the manifold is determined by the
mappings of the relevant system of forms. A certain
transformation group transforms each form according to
the law ϕ′ = ϕR, where R determines the mapping
elements, of Clifford algebra in our case, and satisfies
the condition R˜R = 1. Here action of two successive
transformations reduces to the action of the third one,
RP = fQ, in the Clifford algebra with appropriate struc-
ture constants f . In this approach, all the elements of the
mapping and all the structure constants are expressed in
terms of Clifford numbers of general form with relevant
tensor characteristics. For this algebra, we can write the
first structure equation that defines the covariant deriva-
tive as given by [7]:
Ω = dψ − ψω (6)
with the gauge transformation law for the constraint ω
being given by
ω′ = RωR˜+RdR˜ (7)
Here the tensor representation of the constraint is similar
to that of an arbitrary form of the Clifford algebra. In
this case the wave function can always be reduced to
the canonical form, but local deformations of the proper
basis become, however, inobservable since the Tetroude
form RdR˜ corresponds to the second term of the gauge
transformation. Then the second structure equation that
defines the ”curvature” form may be written as
F = dω − ωω (8)
with the law of transformation under the algebra being
given by F ′ = RFR˜. This approach makes it possible to
consider the mutual relation of fields of different phys-
ical nature [7]. However, in what follows we consider
only the description of a particle wave function as a ge-
ometric entity. The particle wave function is described
in terms of a geometric entity with the general repre-
sentation of the Clifford algebra. The group of possible
transformations of the frame of reference must transform
the wave function according to the structure equations
given above. Under the assumption that the covariant
derivative Ω ∼ mψ, the first equation yields that the
wave function should be transformed according to the
equation
dψ − ψω = mψ (9)
whose form is analogous to the Dirac equation in the
spinor representation. The dynamic equation for wave
function in geometrical presentation can obtain from ac-
tion which can present in the term of geometrical invari-
ants as follow:
S =
∫
dτ
{
ΩΩ˜ + FF˜
}
(10)
3using the normalization condition
∫
dτψψ˜ = 1,where τ is
volume of four dimensional space.
This equation is more informative for several reasons.
The first one is that spinors are only special projections of
Clifford numbers [5], Dirac spinors are represented only
by ideals in this algebra, and thus it is impossible to in-
troduce the composition operation on the spinor set. And
the most important difference is that complete group of
linear transformations of the coordinate system does not
exist for spinors [3]. As follows from the previous anal-
ysis, a complete transformation group associated with
the structure equation exists only in the Clifford-number
representation of the wave function. The first structure
equation for the wave function reproduces the form of the
Dirac equation and, as it has been shown in [5], its so-
lutions are similar to those for the spinor representation,
This solves the problem of finite-dimensional representa-
tion of the wave function under the complete linear group
of coordinate transformations.
For illustration this approach can present the solution
of Dirac equation in geometrical presentation. Can con-
sider the behaviour the electron in Coulomb field for rel-
ativistic case. In time-space of special relativity theory
d = γµ
∂
∂xµ
a ωµ ≡ Aµ where Aµ = −γ0
Zα
r
= γ0U is the
vector potential,where α is constant of subtle structure
and m = iµγ0 where µ is mass of electron. The struc-
ture equation thus obtained is written in the introduced
terms is completely equivalent to the Dirac equation, and
has well known solutions both for the calculation of the
hydrogen atom spectrum and for the interpretation of
electron states [5]. Multiplied the structural equation at
the left on γ0. After multiplication operator d transform
to γ0d =
∂
∂x0
+ ∇ where spatial gradient ∇ = σµ
∂
∂xµ
where σµ is Pauli matrix. The solution of new equation
can present in the form ψ = (q + q′) exp(iEx0) where q
and q′ is quaternions, E is energy and x0 = ct is time
coordinate. After this the Dirac equation reduce to two
intercoupling equations:
∇q = (µ+ E − U) q′ (11)
∇q′ = (µ− E + U) q (12)
The solution of this system equation can be writhe in the
form q = iSG(r) and q′ = iPF (r) where G(r)and F (r)
is number functions and S = σrP (θ, ϕ) where P (θ, ϕ)
quaternion which dependence from polar and azimuthal
angle in spherical coordinate. Substituted this presenta-
tion in system of equation for quaternions can obtain the
specter of energy in standard form:
E = µ
{
1 +
(Zα)2√
l2 − (Zα)2 + n2r
}
−
1
2
(13)
where nr radial quantum number and l orbital quantum
number. Obtained result confirmed the consistency be-
tween standard and present approach. The new thing
here is that this equation can be solved for a system with
both electric and gravitational fields. We shall not do
that since the gravitational field only weakly influences
the atomic state and it is very difficult to find the evi-
dence for the geometric nature of the electron. If used
the canonical presentation of wave function in the form
(2) and assume that gµν = ρ(x)Gµν where Gµν is poten-
tial of repairable gravitational field from action (10) can
obtain the system of covariation equations in the form:
θµν −
1
2
θgµν =
1
6
(
Rµν −
1
2
Rgµν
)
(14)
and
∂
∂xµ
(
∂β
∂xµ
)
(15)
where θµν =
∂β
∂xµ
∂β
∂xν
− 1
4
µ2Gµν , θ = θµνg
µν , Rµν is
curvature tensor.This system is whited in presentation
~ = c = 1. For β = S
~
as standard approach obtained sys-
tem equations describe the intercoupling between energy-
impulse of moving particle with metrical tensor produced
it the time-space. Indeed, that since the gravitational
field only weakly influences the electron state and it is
very difficult to find the evidence for the geometric na-
ture of the electron. Instead we consider a simpler effect,
i.e., interference of electrons or other elementary parti-
cles whose geometric nature can be revealed by available
experimental methods.
We consider the case of particle interference that
might be helpful in revealing the geometric character
of the wave function. In our representation, two ele-
mentary particles can be described by the wave func-
tions represented by geometric entities in the canon-
ical form, i.e, ψ1 = {ρ1(x) exp(iβ1)}
1
2 R1 and ψ2 =
{ρ2(x) exp(iβ2)}
1
2 R2. For electrons we have β1 = β2 =
0. The canonical form of the two-electron wave function
should be similar, i.e., ψ = {ρ(x) exp(iβ)}
1
2 R = ψ1+ψ2.
Now the post-interference wave function can be written
as
ψψ˜ = ρ(x) = ρ1 + ρ2 + (ρ1ρ2)
1
2
{
R1R˜2 + R˜1R2
}
(16)
In the case of even Clifford numbers, when R corresponds
to Lorentz rotations, i.e., when Ri can be written as Ri =
exp(−B), where B = (θ+iϕ)b is a double vector, θ and ϕ
are constant numbers, and b is a vector whose modulus is
equal to one, the result of interference, for equal particle
energies, is given by the standard expression, i.e.,
ψψ˜ = ρ(x) = ρ1 + ρ2 + (ρ1ρ2)
1
2 cosϕ (17)
For plane monochromatic waves [5], the solution of the
Dirac equation is given by ψ1 = ρ1(x)
1
2u exp(iσ3(p · x)),
where σ3 is the Pauli matrix, u is particle amplitude,
and p is particle momentum. The solution for the sec-
ond particle is similar except for the phase shift, i.e., we
4have ψ2 = ρ2(x)
1
2u exp(iσ3(p · x) + ϕ). We see that now
electron interference is described by the well known for-
mula. Next we assume that deformations of the reference
system are determined by both even and odd numbers
and that each transformation contains both even and odd
parts, i.e., Ri = R
ev
i + R
od
i , which could be produced by
fields of different nature whose effect on different geomet-
ric components of the general Clifford number is different
[7]. Then the operation
R1R˜2 + R˜1R2 = R
ev
1
Rev
2
−Rod
1
Rod
2
(18)
reduces to two terms and we see that the result of electron
interference is described by an essentially nonstandard
formula. The second term in the right-hand part of the
equation also reduces to an even Clifford number, but
possesses different structure.
The existence of this effect can be verified experimen-
tally. A coherent electron beam should be divided into
two beams, the latter should be passed through separate
regions with variable basic geometric characteristics. The
change of the wave function passing through different re-
gions can be written as ψ′i = ψiRaRb where Ra and Rb
describe the transformation of particle characteristics in
the regions a and b. If the sequence order is changed,
ψ′′i = ψiRbRa RaRb 6= RbRa then electron interference
should correspond to the last case of the previous analy-
sis, i.e., the interference pattern should be different from
the standard case. The various regions can be infinite
solenoids of the Aaronov-Bohm experiment with different
directions of the magnetic flux. Another way to observe
the difference of the interference patterns is to pass elec-
trons along and across the solenoids. The difference is
given rise to only by the geometric representation since
in the first case the flux is not changed as distinct to
the opposite case. We can assume that this effect might
be also observed for neutron interference, the regions of
variation of the wave function geometric components be-
ing two inclusions with different mass numbers occurring
on the neutron propagation path. A similar experiment
had been proposed in paper [8], however, it has not been
performed till now.
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